In this paper we combine parametric option pricing (Black and Scholes, 1973 , Corrado and Su, 1997 , and the Dumas et al., 1998 Volatility Functions) models with a nonparametric methodology. Our approach can be seen as a generalization of Dumas et al. and retains the intuition in Christoffersen and Jacobs (2004) that, in deriving implied parameters, optimization should be in terms of the pricing function. The resulting enhanced structure is compared to parametric models with both standard implied parameters and parameters derived via Deterministic Volatility Functions. Empirical results using three years of S&P 500 index call option prices strongly support that our approach significantly improves the performance of parametric option pricing models (Black and Scholes and Corrado and Su).
Introduction
We propose a new approach in the pricing of options by combining nonparametric methodology with several parametric option pricing models (POPMs). This proposed method provides a nonparametric enhancement of the implied parameter values to be used in the POPMs, and the resulting models we call Enhanced Parametric Option Pricing Models (EPOPMs).
The Black and Scholes model (BS) is an options pricing formula (Black and Scholes, 1973 , see also Merton, 1973) that is built on a set of unrealistic assumptions and exhibits systematic biases like the volatility smile (i.e. Black and Scholes, 1975 , Rubinstein, 1985 , Bakshi et al., 1997 , Andresen, 2002 .
BS has shown severe time endurance and is still widely used by practitioners since it generates quite accurate prices for a wide spectrum of European financial options. The post-BS financial engineering research came up with a variety of POPMs that relax several of the BS fundamental assumptions.
Recent POPMs that incorporate stochastic volatility and jump risk factors (e.g. Bakshi et al., 1997 , Bates, 1991 , mitigate much of the bias associated with the original BS. A similar effect is achieved indirectly with the semi-parametric Corrado and Su (1996) model (CS) , an important alternative due to its ease of use 1 . Nevertheless, none of these models has managed to generalize all of the BS assumptions, and provide results consistent with the observed market data. Important empirical option pricing studies include Bakshi et al. (1997) , that examine the cross sectional pricing performance of alternative option pricing models. See also Eraker (2004) , Bates (1996 and 2000) , Su (1996 and , Whaley (1982) , Lehar et al. (2002) etc. Our EPOPMs can be considered as a generalization of studies that first employ some kind of methodology to estimate versions of time varying volatility that is subsequently used with a parametric (like the BS) model to price options. For instance, Dumas et al. (1998) 
estimate arbitrary
Deterministic Volatility Functions of quadratic forms and examine how well they predict option prices. Our approach extends Dumas et al. (1998) by retaining the intuition in Christoffersen and Jacobs (2004) that while calculating implied volatilities optimizing should be in respect to the option pricing function. Besides the fact that many complex parametric models seem to perform better than BS 2 they are often too complex to implement, have poor out-of-sample pricing and hedging performance and have implausible and sometimes inconsistent implied parameters (i.e. Bakshi et al., 1997) .
Researchers have also addressed attention to the use of market-data driven models such as ANNs that can be used for nonlinear regression. The key power provided by ANNs compared to other statistical techniques (like projection pursuit, generalized additive models, multivariate adaptive regression splines) is that they rely on fairly simple algorithms and the underlying form of the nonlinearity can be learned from training data. The models are very powerful, have nice theoretical properties (with respect to convergence), and apply well to a vast array of real-world applications (see Duda et al., 2001 , for further details). Attempts in pricing options with ANNs have shown that these models are promising alternatives in respect to robust pricing accuracy. Contrary to the parametric option pricing models that rely on specific assumptions about the dynamic evolution of some state variables (like the underlying asset, the volatility, the interest rate, etc), ANNs involve no financial theory since option prices are estimated inductively by using options transactions data. ANNs are used to estimate directly the empirical options pricing function (thereinafter termed as the standard ANN approach).
Evidence concerning the out-of-sample pricing performance is mixed. Hutchison et al. (1994) apply ANNs on market transactions of the S&P 500 futures call options from 1987 to 1991 to conclude that although the learning networks do not constitute a substitute for the more traditional BS formulas, they are more accurate and computationally more efficient alternatives when the underlying asset's price dynamics are unknown. Anders et al. (1998) as well as Garcia and Gencay (2000) , find that the BS with historical volatility underperforms significantly the standard ANNs. Of course, the application of ANNs for pricing of options has also its limitations. First of all, Anders and Korn (1999) indicate that neural networks are usually applied in cases where there is lack of knowledge about an adequate functional form; so they are commonly interpreted as "black boxes" since they learn the empirical functions inductively from transactions data without embedding any 2 Although the post-BS option-pricing models have managed to eliminate some of the BS biases in practice are very difficult to be implemented due to their complexity. According to Andersen et al., (2002) , "the option pricing formula associated with the Black and Scholes diffusion is routinely used to price European options, although it is known to produce systematic biases". information related to the problem under scrutiny. Second, in the absence of any kind of prior information about the problem, ANNs need relative large amounts of training data to ensure an adequate accuracy. As supported by Lajbcygier (2004) , the standard ANNs are very sensitive to the nonstationarity of input variables and this problem is exaggerated with the use of large training-validation-testing datasets. Finally, the use of standard ANNs can deliver options prices that violate fundamental financial principles; for instance they can return negative option values or irrational Greek letters (these are the partial derivatives of the option with respect to a parametric model's structural parameters). Herrmann and Narr (1997) also show that standard ANNs return negative implied state price densities in state regions that available training options data do not contain any information about these regions.
The above discussion demonstrates that we should explore structures that are theoretically consistent with the POPMs. The scope of this paper is to provide a nonparametric enhancement of the implied parameter values used in the POPMs. We thus generalize Dumas et al. (1998) (see also Christoffersen and Jacobs, 2004) Deterministic Volatility Functions (DVF) by using Neuromodeling (ANN) techniques. The DVF approach and our Generalized approach makes an imperfect (parametric) model fit a better one (in this case the market). This methodological framework is conceptually similar to the one developed in Electrical Engineering (see Bandler et al., 1999;  and the Space Mapping techniques in Bandler et al., 1994) where the parameter values to an imperfect model are adjusted so as to make the imperfect model approximate the performance of a finer but more expensive one to use. In our case, the nonparametric parameter enhancement will provide the volatility to the BS model, and the parameters to the CS model. A significant feature of the methodology is that it allows a set of the input variables to the parametric model to be jointly determined by a neural network. Such structures in conjunction with the Black and Scholes model are desirable for a variety of reasons. First, they always return arbitrage-free and nonnegative option values and we thus expect them to exhibit satisfactory pricing performance at the boundary of option pricing areas, in both dense and sparse input areas. Similarly, it is also certain that EPOPMs will deliver theory consistent Greek letters. Second, the proposed approach assures nonnegative implied state price densities in all cases. Third, as conjectured by Wang and Zhang (1997) In this study we build EPOPMs for the BS and the CS model. We compare them with their parametric alternatives using the overall average implied parameters and their DVF versions (which we also extend to the CS model). Moreover, as a benchmark model we include the stochastic volatility and jump model of Bates (1996) since it is an effective remedy to the BS biases (see Bakshi et al., 1997, and Bates, 1996) . In the following section we review the parametric models and in the next we explain the implementation of the EPOPM structure. We then discuss the data, filtering and the alternative versions of the models that are compared. Finally we discuss the results and we conclude. It can be seen that the proposed methodology improves significantly pricing performance of parametric option pricing models.
The Parametric Models Used
Below we briefly discuss the different POPMs we employ in this study.
The first model examined is the Black and Scholes (1973) et al., 1997) . So, we use in addition the Corrado and Su (1996) where c BS is the BS value for the European call option adjusted for dividends and,
Q 3 and Q 4 represent the marginal effect of non-normal skewness and kurtosis, respectively in the option price whereas 3 µ and 4 µ correspond to coefficients of skewness and kurtosis. In the above expressions,
refers to the standard normal probability density function. Bakshi et al. (1997) found that the Stochastic Volatility and Jump model (SVJ) exhibited satisfactory out of sample performance for the S&P 500 index options when compared to other parametric option pricing models since it offers a quite flexible distributional structure to mitigate the "smile" anomaly. Specifically the correlation between the volatility and the returns of the underlying asset controls the level of skewness whilst the variability of volatility allows for non-normal kurtosis. Moreover, the addition of a jump component enhances the distributional flexibility and allows for more accurate pricing performance of the short term options. In this model the underlying asset follows geometric jump diffusion with the instantaneous conditional variance, V t , to follow a mean-reverting root process:
where µ is the instantaneous drift of the underlying asset, λ is the annual frequency of jumps, κ is the random percentage jump conditional on a jump occurring, q is a Poison counter with intensity λ , θ 2 is the jump variance, and ρ is the correlation coefficient between the volatility shocks and the underlying asset movements. Moreover, α/β translate to a variance steadystate level and β is the rate of mean reversion.
The value of a European call option is given as a function of state variables and parameters:
to be the forward price of the underlying asset, with E(.) to be the expectation with respect to the risk-neutral probability measure and S T the price of S at option's maturity. Evaluation of P 1 and P 2 is done under the distributional assumptions embedded in the risk-neutral probability measures by using the moment generating functions of ) S / S ln( T (Bates, 1996) . The following expressions are needed to compute P 1 and P 2 :
and the resulting probabilities are derived by the numerical Fourier inversion:
and the integrals to be evaluated with an adaptive Lobatto quadrature.
In this work, we fit the POPMs in daily prices to obtain the implied parameters that minimize an error measure, so these parameters should be perceived as the risk-neutral ones indirectly accounting for the pricing of jump and volatility risk.
Extending the Deterministic Volatility Functions
As mentioned before, the EPOPMs can be thought of as nonparametric/nonlinear generalizations of the Deterministic Volatility Function methodology proposed by Dumas, Fleming and Whaley (1998) and Christoffersen and Jacobs (2004) . According to the Dumas et al. (1998) , this ad-hoc approach of smoothing the BS implied volatilities across strike prices and maturities exhibits superior in and out of the sample performance for pricing European options. According to Christoffersen and Jacobs (2004) the DVF approach does not constitute a proper and fully specified alternative to other structural option pricing models but is a convenient way to mitigate the BS deficiencies (and possibly the CS one). They recommend deriving the implied volatility by optimizing in respect to the option pricing function. In addition, Berkowitz (2001) demonstrates based on a theoretical justification that the DVF constitutes a reduced-form approximation to an unknown structural model which under frequent re-estimation can exhibit exceptional pricing performance.
For our analysis we estimate the three different DVF models as in the study of Dumas, Fleming and Whaley (1998) :
The DVF approach as proposed by Dumas et al. (1998) refers to the estimation of the volatility function via simple Ordinary Least Squares by regressing the implied volatilities on different polynomials of T and X. Christoffersen and Jacobs (2004) demonstrate that doing this yields biased estimates of the observed option prices and show how the DVF should be estimated consistently via Nonlinear Least Squares. We estimate the three different DVF models each day using the original (L) approach via simple OLS and also with the consistent (NL) approach via the nonlinear least squares. For the latter we use several initializations to minimize the risk of estimating coefficients based on a local minimum of the optimization function.
Necessary Greeks
Greek letters are the partial derivatives of a call options with respect to its structural parameters. For the purpose of this study, and in order to have an efficient optimization/training of the EPOPM structure, we need the following Greek letters:
-CS partial derivative of call with respect to skewness:
-CS partial derivative of call with respect to kurtosis:
The EPOPM structure
Multilayer Neural Networks are flexible heuristic techniques for doing statistical pattern recognition and for approximating highly nonlinear functions. A neural network is a collection of interconnected simple processing elements structured in successive layers and can be depicted as a network of links (termed as synapses) and nodes (termed as neurons) between layers. A typical feedforward neural network has an input layer, one or more hidden layers and an output layer. Each interconnection corresponds to a modifiable weight, which is adjusted according to the faced problem via optimization (the training algorithm). The particularity of ANNs relies on the fact that the neurons on each layer operate collectively and in a parallel manner on all input data. 
for which there is an associated and known target, q t , Figure 2 is a typical two-layer ANN with a single output that under proper treatment can be used for nonlinear regression (Hutchison et al., 1994) .
The fourth layer, which hereafter will be termed as an enhanced layer, makes possible for a chosen POPM to be an inseparable part of the network's structure. This is the innovative contribution of the model since under this setting we can hypothesize that our network structure embeds knowledge from the parametric model during training. If we let S X to denote the set of all input variables that are necessary for the parametric model to price options, then According to Figure 2 , the operation carried out for computing the final estimated output, y, is the following: This is essential for the training of ANNs since it increases the effectiveness of the optimization algorithm and minimizes the significance of differing dimensions of the input signals (see Haykin, 1999, and Bishop, 1995) . We apply a standard z-score scaling:
, where x is the vector of an input/enhanced variable, m is the mean and s the standard deviation of this vector.
[ Figures 1 and 2 
or the linear one,
In the above expressions, with
where a controls the output range and b the slope of the transfer function. As advised by Duda et al. (2001, pg.308) , the overall range and slope are not important, because it is their relationship to parameters such as the learning rate and magnitudes of the inputs and targets that affect learning. According to Bishop (1995) (see also Duda et al., 2001) , these transfer functions work well with ANNs. In the hidden layer we always use the standard hyperbolic tangent sigmoid transfer function (with α and b equal unity) for (.) investigation. For example we rarely observe volatility to be above 70% or skewness to be below -15 or above 15 (e.g. Su, 1997, Bates, 1991) .
[ Table 1 , here]
The training of any type of ANN model is a highly non-linear optimization process in which the network's weights are modified according to an error function. The error function between the estimated response q y and the actual response q t is defined as:
where, w is an ν -dimensional column vector containing the weights and biases given by:
] ,..., ,..., ,..., 10 , ,..., ,..., ,..., [
The traditional backpropagation algorithm which is based on the gradient descent vector is the most popular method for training the ANNs. It is shown in Charalambous (1992) that this training algorithm is often unable to converge rapidly to the optimal solution. So, in this paper we rely on the Levenberg-Marquardt algorithm (LM) which is much more efficient training method in terms of training time and convergence rate. According to LM, the weights and the biases of the network are updated in such a way so as to minimize the following sum of squares performance function:
Then, at each iteration τ of the algorithm, the weights vector w is updates as follows:
where, ) ( τ w J is the P ν Jacobian matrix of the P-dimensional output error column vector at τ th iteration, and is given by:
In the above, I is ν ν × identity matrix, and τ µ is like a learning parameter that is automatically adjusted in each iteration in order to secure convergence (by assuring that the part in the square brackets of Eq. (17) is always nonsingular). Large values of τ µ lead to directions that approach the steepest descent, while small values lead to directions that approach the Gauss-Newton algorithm. Further technical details about the implementation of LM can be found in Hagan and Menhaj (1994) and Hagan et al. (1996) . Based on Eq. (20), the weights and biases update takes place in a batch mode and only when all input vectors have been presented to the network. Moreover, we employ the network initialization technique proposed by Nguyen and Windrow (see Hagan et al., 1996) 
where,
and sn
x is simply the z-score scaled value of n x .
The optimal number of hidden neurons is chosen via a cross-validation procedure. The EPOPM structures with 2 to 6 hidden neurons are trained, and the one that performs the best in the validation period is selected. Since the initial network weights affect the final network performance, for a specific number of hidden neurons, the network is initialized, trained and validated ten separate times. After defining the optimal network structure, its weights are frozen and its pricing capability is tested (out of sample) in a third separate testing dataset in order to verify the ANN ability to generalize to unseen data.
Data and Methodology
The data considered cover the period January 2002 to August 2004.
The S&P 500 index call options are used because this option market is extremely liquid. They are the most popular index options traded in the CBOE and the closest to the theoretical setting of the parametric models (Garcia and Gencay, 2000) . 
Filtering Rules
To create an informative dataset we rely on the following filtering rules (see also Bakshi et al., 1997) : We first eliminate all observations that have zero trading volume since they do not represent actual trades. Second, we eliminate observations that violate either the lower or the upper arbitrage bounds. Third, we eliminate all options with less than six or more than 260 days to expiration to avoid extreme option prices that are observed due to potential illiquidity problems. Similarly, price quotes of less than 0.5 index points are not included. Finally, we demand at least four datapoints per maturity to secure that during the implied parameters extraction process, every maturity period is satisfactorily represented. The final dataset used is still larger than previous ANN studies. For instance Hutchison et al. (1994) have an average of 6,246 data points per sub-period; Schittenkopf and Dorffner (2001) include a total of 33,633 data points. Sample characteristics for the dataset can be found in Table 2 .
[ Table 2 , here]
Observed Structural Parameters
The moneyness ratio, S/X, is usually the basic input in all network structures since it is highly related with the pricing bias associated with the POPMs (see Hutchison et al., 1994, and Garcia and Gencay, 2000) . The dividend adjusted moneyness ratio Χ − / ) ( 
Implied Volatility Measures
The methodology employed in this study for the estimation of the overall average implied parameters is similar to that in previous studies that somehow adopt the Whaley's (1982) 
where N refers to the number of different call option transaction datapoints available. To find optimal implied parameter values we solve an optimization problem that has the following form:
where t represents the time instance, k ξ the unknown parameters associated with a specific parametric option pricing model (k = BS, CS, and SVJ). The SSE is minimized via a non-linear least squares optimization based again on the Levenberg-Marquardt algorithm. To minimize the possibility to obtain implied parameters that correspond to a local minimum of the error surface with each model we use different starting values for the unknown parameters based on reported average values for the S&P 500 according to Bates (1991) , Bakshi et al. (1997) , and Su (1996 and .
From the above we obtain the following sets of implied parameters: We first concentrate our attention to In Table 5 we tabulate statistics for a pairwise comparison of the (statistical significance of) pricing performance in terms of MSE for a selection of models. Since the eighteen testing periods are disjoint and because we have pricing estimates coming from different models we can assume (similarly to Hutchison et al, 1994 and Dorffner, 2001 ) that the pricing errors are independent and a standard two-tail t-test can be applied.
Similarly to the previous authors we need to report that these tests should be interpreted with caution. We see that the EPOPMs outperform the equivalent POPMs (both with overall average and DVF parameter estimates), and the difference is statistically significant at the 1% level. The best EPOPM model is all NL eCS 2 and is competitive to SVJ (any difference in performance is not statistically significant) and easier to estimate. Our second best EPOPM is all av eCS which is marginally only inferior to the SVJ but much easier to estimate.
Summary and Conclusions
In this study we generalize the Dumas et al. (1998) The results obtained strongly support the proposed methodology.
Specifically, we find that the increase in the pricing accuracy of EPOPM-BS over the standard BS models and of the EPOPM-CS over the CS model is considerable and statistically significant in the 1% level. Table 5 : Two-sample matched pair t-tests for comparison of out of sample model performance Two sample matched pair t-test comparing the means of the squared residuals between models in the vertical heading versus models in the horizontal heading. In general, a positive (negative) t-value larger (larger in absolute terms) than 1.96 (or 2.325) indicates that the model in the vertical (horizontal) heading has a larger MSE than the model in the horizontal (vertical) heading at 5% (or 1%) significance level.
